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Abstract
We study the supersymmetry enhancement of nonrelativistic limits of the ABJM theory
for Chern-Simons level k = 1, 2. The special attention is paid to the nonrelativistic limit
(known as ‘PAAP’ case) containing both particles and antiparticles. Using supersymmetry
transformations generated by the monopole operators, we find additional 2 kinematical, 2
dynamical, and 2 conformal supercharges for this case. Combining with the original 8 kine-
matical supercharges, the total number of supercharges becomes maximal: 14 supercharges,
like in the well-known PPPP limit. We obtain the corresponding super Schro¨dinger algebra
which appears to be isomorphic to the one of the PPPP case. We also discuss the role of
monopole operators in supersymmetry enhancement and partial breaking of supersymmetry
in nonrelativistic limit of the ABJM theory.
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1 Introduction
In the shed of recent development of M2-brane theories the three dimensional Chern-Simons based
superconformal theories [1] gained a considerable interest. Two different types of theories were
proposed as candidates to effectively describe multiple M2-branes system: the 3-algebra based
BLG (Bagger–Lambert and Gustavsson) theory [2, 3] and standard Lie algebra based ABJM
(Aharony–Bergman–Jafferis–Maldacena) theory [4]. The former theory is restricted to describe
the effective action of two M2-branes only. As a result of this, lately the main interest focused
on the ABJM and related theories, in which the setup with an arbitrary number of M2-branes
is allowed. Beyond that, the ABJM theory proved to reproduce the correct vacuum structure of
M2-branes on C4/Zk-orbifold, where k appears as the Chern-Simons level in the theory.
The BLG theory, which is equivalent to the ABJM theory with SU(2)×SU(2) gauge group [4],
has N = 8 supersymmetry (SUSY). On the other hand, the original ABJM theory has only
manifest N = 6 supersymmetry instead of N = 8 expected from the M2-brane system in flat
transverse space. The lack of supersymmetries can be explained by the fact that for the Chern-
Simons level k the theory describes multiple M2-branes in C4/Zk-orbifold rather than in flat space
and N = 6 is the maximal supersymmetry which the C4/Zk-orbifold allows, if k ≥ 3. In what
concerns the cases of k = 1, 2, it was conjectured from the dual gravity that the full N = 8
supersymmetry should be restored [4]. Indeed, using monopole operators, it was proved that the
ABJM theory has additional N = 2 supersymmetry for k = 1, 2 [5, 6]. At these levels, attaching
a monopole operator to a local field changes the rule of gauge transformation of the field, while
preserving the local nature of the field 1. Using this procedure we can introduce new fields in the
theory with the help of monopole operators. In Ref. [5] the additional N = 2 supersymmetry and
SO(8)-invariance of the ABJM potential were obtained for U(N)×U(N) gauge group at k = 1, 2 in
3-algebra formulation. The same enhancement of supersymmetry in the Lie-algebra formulation
of ABJM theory for the case of U(2)×U(2) gauge group was found in Ref. [6], where the so called
minimal model which inherits most properties of the ABJM theory was introduced. This minimal
model can be used as a toy model replacement for the ABJM theory.
Recently there has been much interest in nonrelativistic versions of AdS/CFT correspon-
dence [17–28]. The geometrical framework for nonrelativistic (super)symmetry was studied earlier
in [29] (see also [30]). Following the development of superconformal field theories describing the
dynamics of M2-branes, the construction of nonrelativistic superconformal field theories and find-
ing their gravity duals become of increasing interest. In the past year, a number of nonrelativistic
limits of the ABJM theory were constructed [31, 32]. The nonrelativistic AdS/CFT correspon-
dence [33–36] in relation with M-theory and the soliton solution [37] in nonrelativistic ABJM
theory were also studied.
It is known that some nonrelativistic limits result in additional symmetries, which are not
present in the original theory. Schro¨dinger symmetry [38] is such an example. Emergence of new
1For the detailed study of monopole operators in ABJM theory and related topics, see Refs. [7–16].
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bosonic symmetries can be accompanied by the emergence of new fermionic ones. However, there
are not so many examples where the explicit construction of nonrelativistic superconformal field
theories and analysis of their super Schro¨dinger algebras were done [39–42].
In this paper we find additional 6 supercharges using the monopole operators and complete the
corresponding super Schro¨dinger algebra in a nonrelativistic limit of the ABJM theory, referred
in Ref. [31] as ‘PAAP limit’2.
In general, the nonrelativistic limit of a field theory is ambiguous and depends on the particle-
antiparticle sectors chosen. The supersymmetry of various nonrelativistic limits of the ABJM
theory was studied by several authors in [31,32]. These authors studied supersymmetry and super
Schro¨dinger algebras for different non-relativistic regimes. In particular, it was found that one can
define non-relativistic limits in which different numbers of supersymmetries are conserved [31]. The
‘basic’ N = 6 supersymmetry in the mass deformed ABJM theory [43, 44] survives and resulting
12 supercharges are split into 10 kinematical and 2 dynamical ones in the limit which involves
only particles (PPPP limit). Additional 2 supercharges emerge coming from conformal symmetry
associated with different scalings of time and space. However, if we include antiparticle sectors,
the number of supersymmetry is reduced and superconformal symmetry is broken [31]. This is
considered as a general property of the nonrelativistic limits of superconformal field theories [41,
42].
Our aim in this work is to extend the analysis to supersymmetry driven by monopole operators.
In nonrelativistic limit where both particles and antiparticles are included e.g. PAAP limit,
it appears that some of the supersymmetry can be restored. In order to have the enhanced
supersymmetry, we should restrict ourself to the Chern-Simons levels k = 1, 2. Although the
most analysis is done for the gauge group U(2)×U(2), we believe our conclusions hold true for the
general case of U(N)×U(N).
The plan of the paper is as follows. In the next section we review the mass deformation and
nonrelativistic limits of the ABJM theory following [31]. In the third section we introduce the
PAAP limit and describe the known 8 kinematical supercharges as well as bosonic symmetries.
In the fourth section we analyze the enhanced symmetry generated by monopole operator. We
find that in the PPPP limit with maximal basic supersymmetry Q1 + Q2 + S = 10 + 2 + 2, the
monopole enhanced part of supersymmetry [5,6] is broken3. In contrast, in the PAAP limit, where
the basic nonrelativistic symmetry is broken down to Q1 +Q2 + S = 8+ 0 + 0 [31], the enhanced
supersymmetry gives rise to 2 + 2 + 2 new supercharges including conformal ones. The total
number of supercharges is the same as in the PPPP limit. We also derive the explicit form of
these supercharges and their (anti)commutation relations to obtain the maximal super Schro¨dinger
algebra. The last section is our conclusion.
2See the subsection 2.3 for the definitions of various nonrelativistic regimes.
3 We denote the numbers of kinematical, dynamical, and conformal supercharges as Q1, Q2, and S respectively.
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2 Mass-deformed ABJM Theory
The ABJM theory [4] was proposed as a candidate to describe multiple M2-brane systems. The
model is a three-dimensional gauge theory which possesses N = 6 supersymmetry. The field
content of this model is given by four bi-fundamental complex scalars Y A, A = 1, . . . , 4, four
bi-fundamental complex spinors ΨA as well as two Chern-Simons gauge fields Aµ and Aˆµ, µ =
0, 1, 2. The scalars and the fermions belong to the four dimensional complex representations
of R-symmetry group SU(4). The SU(4) indices can be conveniently written in terms of more
handy SU(2)L×SU(2)R notations: A = (n, n′), where n and n′ are SU(2)L and SU(2)R indices
respectively. This decomposition is even more natural in the mass-deformed ABJM theory which
has SU(2)L×SU(2)R×U(1)R symmetry. Restriction to the sector of a single SU(2) factor gives the
minimal model [6]. For SU(2) indices we will use the Latin m and n for the SU(2)L as well as
primed letters for the SU(2)R.
As about spinor notations, we choose (2+1)-dimensional gamma matrices which satisfy γµγν =
ηµν + ǫµνργρ as γ
0 = iσ2, γ1 = σ1, and γ2 = σ3. The suppressed spinor indices are expressed by
ξχ ≡ ξαχα and ξγµχ = ξαγµβα χβ for the two component spinors ξ and χ. For the gauge indices
we use the convention of the Ref. [45].
2.1 Mass deformation
The SUSY preserving mass deformation was first constructed for the BLG theory [46, 47]. Then
it was found that the ABJM theory also admits the SUSY preserving mass deformation [43, 44].
There are several methods to obtain the mass-deformed ABJM theory, such as N = 1 superfield
formalism [47], D-term and F -term deformations [44] in N = 2 superfield formalism [45]. These
different versions of mass-deformed ABJM theory are equivalent [48] and the M-theory origin of
the mass-deformation was investigated in Refs. [49, 50]. Below we consider the mass deformed
version of ABJM theory in more details.
The mass deformed ABJM theory with U(N)×U(N) gauge group is given by the action [43,44],
S = c
∫
dtd2x (L0 + LCS − Vferm − Vbos − Vm) , (2.1)
where
L0 = tr
(
1
c2
DtY
†
ADtY
A −DiY †ADiY A +
i
c
Ψ†Aγ0DtΨA + iΨ
†AγiDiΨA
)
, (2.2a)
LCS = k~
4π
ǫµνρ tr
(
Aµ∂νAρ +
2i
3
AµAνAρ − Aˆµ∂νAˆρ − 2i
3
AˆµAˆνAˆρ
)
, (2.2b)
Vferm =
2πi
k~c
tr
(
Y †AY
AΨ†BΨB − Y AY †AΨBΨ†B + 2Y AY †BΨAΨ†B − 2Y †AY BΨ†AΨB (2.2c)
+ ǫABCDY †AΨBY
†
CΨD − ǫABCDY AΨ†BY CΨ†D
)
,
Vbos = − 4π
2
3k2~2c2
tr
(
Y †AY
AY †BY
BY †CY
C + Y AY †AY
BY †BY
CY †C + 4Y
†
AY
BY †CY
AY †BY
C
− 6Y AY †BY BY †AY CY †C
)
, (2.2d)
Vm = tr
[
imc
~
M BA Ψ
†AΨB +
4πm
k~2
M CB
(
Y AY †AY
BY †C − Y †AY AY †CY B
)
+
m2c2
~2
Y †AY
A
]
, (2.2e)
and the explicit dependence on the speed of light c and Planck constant ~ is given.
The last term (2.2e) in the action (2.1) represents the mass deformation with m being the
mass parameter and M BA = diag(1, 1,−1,−1). Without this term equation (2.1) represents the
original massless ABJM action. The covariant derivatives are defined as
DtY
A = ∂tY
A + iAtY
A − iY AAˆt, At = cA0 = finite,
DiY
A = ∂iY
A + iAiY
A − iY †AAˆi. (2.3)
2.2 N = 6 Supersymmetry
The action (2.1) of the massless ABJM theory is invariant with respect to the following N = 6
supersymmetry transformations,
δY A = iωABΨB, δY
†
A = iΨ
†BωAB,
δΨA = γ
µωABDµY
B +
2π
k
ωAB(Y
BY †CY
C − Y CY †CY B) +
4π
k
ωBCY
BY †AY
C ,
δΨ†A = −DµY †BωABγµ +
2π
k
ωAB(Y †CY
CY †B − Y †BY CY †C)−
4π
k
ωBCY †BY
AY †C ,
δAµ = −2π
k
(ωABY †AγµΨB + Y
AΨ†BγµωAB),
δAˆµ = −2π
k
(ωABY †AγµΨB +Ψ
†BγµY
AωAB), (2.4)
where ωAB = −ωBA = (ωAB)∗ = 12 ǫABCDωCD. The supersymmetric parameters ωAB and ωAB are
related to the (2+1)-dimensional six Majorana spinors εI , I = 1, · · · , 6, by
ωAB = εI(Γ
I)AB, ω
AB = εI(Γ
I∗)AB. (2.5)
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As we mentioned above, the mass deformation preserves the full N = 6 supersymmetry, the
only effect of such deformation being the modification of the spinor field transformation rules by
the additional terms,
δmΨA = mM
B
A ωBCY
C ,
δmΨ
†A = mMABω
BCY †C . (2.6)
2.3 Nonrelativistic limit(s)
Formally, nonrelativistic limit corresponds to the limit of large speed of light c → ∞. However,
this limit is not uniquely defined. Below we give a brief description of nonrelativistic limits of our
interests in ABJM theory.
As was discussed before, the mass deformation breaks the original SU(4) R-symmetry down
to SU(2)L×SU(2)R×U(1)R R-symmetry. According to this the fields are split as,
Y A = (Y n, Y n
′
), Y †A = (Y
†
n , Y
†
n′),
ΨA = (Ψn,Ψn′), Ψ
†A = (Ψ†n,Ψ†n
′
), (2.7)
where A = 1, 2, 3, 4, n = 1, 2, and n′ = 3, 4.
In order to go to the nonrelativistic limit, we decompose the relativistic fields into the particle
and antiparticle parts,
Y n =
~√
2m
(
e−imc
2t/~yn + eimc
2t/~yˆ†n
)
, Ψn =
√
~c
(
e−imc
2t/~ψn + e
imc2t/~σ2ψˆ
†
n
)
, (2.8)
and analogously for Y n
′
and Ψn′. Here the minus sign in the exponent e
±imc2t/~ corresponds to a
particle, while plus sign comes with an antiparticle.
In this situation we can make a choice for each of complex fields (Y n, Y n
′
,Ψn,Ψn′) to be either
particle (P), or antiparticle (A) separately. Following [31], we will denote such a choice by a four
letter string consisting of ‘P’s and ‘A’s, e.g. the limit with all fields chosen to be in purely particle
sector is denoted PPPP; the limit in which Y n and Ψn′ are particles while Y
n′ and Ψn antiparticles
is denoted PAAP, etc.
To obtain the nonrelativistic limit we have to plug the Ansatz (2.8) (where the choice is made
for the particles or antiparticles) into the mass-deformed action (2.1), take the limit c → ∞,
keeping the leading terms. In the case of fermions we have to eliminate the heavy modes using
their equations of motion [31, 32].
3 PAAP Limit
The basic supersymmetry in various nonrelativistic limits was studied in [31], where the number
of supersymmetries was found for each limit labeled by the four-letter string. In general, the
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number of supercharges depends on the relative choice of fields as particles or antiparticles. The
maximal supersymmetry is reached in the case of either PPPP, when all fields are particles or
AAAA, when all are antiparticles. In this case the theory possesses 14 supercharges of which
10 supercharges are kinematical, 2 are dynamical, and the remaining 2 are conformal related to
super Schro¨dinger symmetry. Other cases contain less supersymmetry of this kind [31]. That
is, if we include antiparticle sectors in nonrelativistic limits of the ABJM theory, the number of
supercharges is reduced. This is claimed to be a general property in the nonrelativistic limits
of superconformal field theories [41, 42]. For instance, the PAAP case, which we are going to
consider in more details below, possesses only eight kinematical supercharges and no conformal
supercharges are present, i.e. Q1 +Q2 + S = 8 + 0 + 0.
As we know about the SUSY enhancement in relativistic ABJM theory, we have to use the
monopole operators to obtain the additional N = 2 supersymmetry [5, 6]. By using monopole
operators, we can include both 4 and 4¯ matter fields simultaneously in N = 8 supersymmetry
transformation rules for k = 1, 2. In the nonrelativistic limit, however, we cannot do this, since
we have to choose between particle or antiparticle parts for a given relativistic field. (See the
subsection 4.1 for the detailed explanations.) Therefore the N = 8 supersymmetry in relativistic
ABJM theory for k = 1, 2 is inevitably broken in any nonrelativistic limit.
So far, the most supersymmetric case is the PPPP limit with 14 supercharges. However,
since the monopole operators generate supersymmetry transformations which mix the 4 and 4¯
representations, we can expect other limits with maximal supersymmetry, which will include
antiparticle sectors. Indeed, we find that the PAAP limit is another case which has 14 supercharges
using monopole operators.
3.1 Action
Let us consider the PAAP case in more details. In PAAP limit one chooses the first boson and
second fermion to be in particle sector while second boson and first fermion to be antiparticles,
Y n =
~√
2m
e−imc
2t/~yn, Y †n =
~√
2m
eimc
2t/~y†n,
Y n
′
=
~√
2m
eimc
2t/~yˆ†n
′
, Y †n′ =
~√
2m
e−imc
2t/~yˆn′,
Ψn =
√
~c eimc
2t/~σ2ψˆ
†
n, Ψ
†n = −
√
~c e−imc
2t/~σ2ψˆ
n,
Ψn′ =
√
~c e−imc
2t/~ψn′, Ψ
†n′ =
√
~c eimc
2t/~ψ†n
′
. (3.1)
Applying the general procedure for nonrelativistic limit mentioned before, we obtain the fol-
lowing nonrelativistic action,
SPAAP =
∫
dtd2x(Lscalar + Lfermion + LCS), (3.2)
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where the scalar and fermionic parts of the Lagrangian Lscalar and Lfermion are given, respectively,
by:
Lscalar = tr
[
i~y†nDty
n + i~yˆ†n
′
Dtyˆn′ − ~
2
2m
Diy
†
nDiy
n − ~
2
2m
Diyˆn′Diyˆ
†n′
− π~
2
km
(
yny†ny
my†m − yˆ†n
′
yˆn′ yˆ
†m′ yˆm′ − y†nyny†mym + yˆn′ yˆ†n
′
yˆm′ yˆ
†m′
)]
, (3.3)
and
Lfermion = i~ tr
(
ψˆ+nDtψˆ
n
+ + ψ
†n′
− Dtψ−n′
)− ~2
2m
tr
(
Diψˆ
†
+nDiψˆ
n
+ +Diψ
†n′
− Diψ−n′
)
+
~2
2m
tr
(
ψˆ†+nFˆ12ψˆ
n
+ − F12ψˆ†+nψˆn+ − ψ†n
′
− F12ψ−n′ + Fˆ12ψ
†n′
− ψ−n′
)
+
π~2
km
tr
[(
y†ny
n + yˆn′ yˆ
†n′
)(
ψˆm+ ψˆ
†
+m + ψ
†m′
− ψ−m′
)
+
(
yny†n + yˆ
†n′ yˆn′
)(
ψˆ†+mψˆ
m
+ + ψ−m′ψ
†m′
−
)
− 2(yny†mψˆ†+nψˆm+ − ynyˆm′ψˆ†+nψ†m′− − yˆ†n′y†mψ−n′ψˆm+ + yˆ†n′ yˆm′ψ−n′ψ†m′− )
− 2(y†nymψˆn+ψˆ†+m − y†myˆ†m′ψˆn+ψ−m′ − yˆn′ymψ†n′− ψˆ†+m + yˆn′ yˆ†m′ψ†n′− ψ−m′)
]
, (3.4)
while the Chern-Simons part LCS is still given by (2.2b).
In deriving the fermionic part of the Lagrangian (3.4), we used the equations of motion for
ψˆ†−n and ψ
†n′
+
ψˆn− = −
i~
2mc
D−ψˆ
n
+ −
i~
2mc2
Dtψˆ
n
− = −
i~
2mc
D−ψˆ
n
+ +O
( 1
m2c3
)
,
ψ+n′ =
i~
2mc
D+ψ−n′ − i~
2mc2
Dtψ+n′ =
i~
2mc
D+ψ−n′ +O
( 1
m2c3
)
, (3.5)
to eliminate the ‘heavy modes’ ψˆn− and ψ+n′, and D± = D1 ± iD2.
3.2 8 kinematical supercharges
The action (3.2) for nonrelativistic PAAP limit is invariant with respect to supersymmetry trans-
formations. In Ref. [31], eight supersymmetry transformations were found. This supersymmetry
is all kinematical and given by
δyn = −ηnn′+ ψ−n′, δy†n = η−nn′ψ†n
′
− ,
δyˆn′ = η−nn′ψˆ
n
+, δyˆ
†n′ = −ηnn′+ ψˆ†+n,
δψˆn+ = −ηnn
′
+ yˆn′, δψˆ
†
+n = −η−nn′ yˆ†n′,
δψ−n′ = η−nn′y
n, δψ†n
′
− = η
nn′
+ y
†
n,
δAt = − π~
km
(
yˆ†n
′
η−nn′ψˆ
n
+ + ψˆ
†
+nη
nn′
+ yˆn′ − ηnn
′
+ ψ−n′y
†
n − ynψ†n
′
− η−nn′
)
,
δAˆt = − π~
km
(
η−nn′ψˆ
n
+yˆ
†n′ + yˆn′ψˆ
†
+nη
nn′
+ − y†nηnn
′
+ ψ−n′ − ψ†n
′
− η−nn′y
n
)
,
δA± = δAˆ± = 0, (3.6)
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where A± ≡ A1 ± iA2 and Aˆ± ≡ Aˆ1 ± iAˆ2 and the one-component spinor parameters η± satisfy
the following conditions,
η±nn′ =
1
2
ǫnmǫn′m′η
mm′
± , η
nn′
+ = −ηn
′n
+ , η−nn′ = −η−n′n (3.7)
with ǫ12 = ǫ3′4′ = 1.
3.3 Superalgebra
Let us consider the superalgebra of symmetries of the action (3.2). In order to do this we rewrite
the action (3.2) in a form more appropriate for canonical analysis,
LPAAP =i~ tr
(
y†n∂ty
n + yˆ†n
′
∂tyˆn′ + ψˆ
†
+n∂tψˆ
n
+ + ψ
†n′
− ∂tψ−n′
)
− ~2H
+
k~
2π
tr
(
A2∂tA1 − Aˆ2∂tAˆ1 + AtG − AˆtGˆ
)
, (3.8)
where the Hamiltonian density is given by
H = 1
2m
tr
(
Diy
†
nDiy
n +Diyˆ
†n′Diyˆn′ +Diψˆ
†
+nDiψˆ
n
+ +Diψ
†n′
− Diψ−n′
− ψˆ†+nFˆ12ψˆn+ + F12ψˆ†+nψˆn+ + ψ†n
′
− F12ψ−n′ − Fˆ12ψ†n
′
− ψ−n′
)
+
π
km
tr
[
yny†ny
my†m − yˆ†n
′
yˆn′ yˆ
†m′ yˆm′ − y†nyny†mym + yˆn′ yˆ†n
′
yˆm′ yˆ
†m′
− (y†nyn + yˆn′yˆ†n′)(ψˆm+ ψˆ†+m + ψ†m′− ψ−m′)− (yny†n + yˆ†n′yˆn′)(ψˆ†+mψˆm+ + ψ−m′ψ†m′− )
+ 2
(
yny†mψˆ
†
+nψˆ
m
+ − ynyˆm′ψˆ†+nψ†m
′
− − yˆ†n′y†mψ−n′ψˆm+ + yˆ†n
′
yˆm′ψ−n′ψ
†m′
−
)
+ 2
(
y†ny
mψˆn+ψˆ
†
+m − y†myˆ†m
′
ψˆn+ψ−m′ − yˆn′ymψ†n
′
− ψˆ
†
+m + yˆn′ yˆ
†m′ψ†n
′
− ψ−m′
)]
, (3.9)
and the Gauss law constraints are
G = F12 − 2π
k
(
yny†n − yˆ†n
′
yˆn′ − ψˆ†+nψˆn+ − ψ−n′ψ†n
′
−
)
,
Gˆ = Fˆ12 − 2π
k
(
y†ny
n − yˆn′ yˆ†n′ + ψˆn+ψˆ†+n + ψ†n
′
− ψ−n′
)
. (3.10)
In the following subsections, we will first derive the superalgebra associated with the super-
symmetry transformation given in (3.6). The analysis parallels to that of the PPPP case [31].
The supersymmetry coming from the monopole operator will be studied in the next section. The
canonical commutation relations are given from (3.8):
[
A+
(
x
)a
b
, A−
(
y
)c
d
]
=
4π
k
δadδ
c
bδ
2
(
x− y), [Aˆ+(x)aˆbˆ , Aˆ−(y)cˆdˆ
]
= −4π
k
δaˆ
dˆ
δcˆ
bˆ
δ2
(
x− y),[
yn
(
x
)a
aˆ
, y†m
(
y
)bˆ
b
]
= δnmδ
a
b δ
bˆ
aˆδ
2
(
x− y), [yˆn′(x)aˆa, yˆ†m′
(
y
)b
bˆ
]
= δm
′
n′ δ
b
aδ
aˆ
bˆ
δ2
(
x− y),{
ψˆn+
(
x
)aˆ
a
, ψˆ†+m
(
y
)b
bˆ
}
= δnmδ
b
aδ
aˆ
bˆ
δ2
(
x− y), {ψ−n′(x)aaˆ, ψ†m′−
(
y
)bˆ
b
}
= δm
′
n′ δ
a
b δ
bˆ
aˆδ
2
(
x− y). (3.11)
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3.3.1 Bosonic Schro¨dinger algebra
Let us first consider the bosonic subalgebra. Applying Noether techniques we find that the bosonic
symmetry algebra consists of the following conserved charges:
• Hamiltonian
H =
∫
d2x H. (3.12)
• Linear momentum
Pi =
∫
d2x Pi, (3.13)
where the momentum density is given by
Pi = − i
2
tr
(
y†nDiy
n −Diy†nyn + yˆ†n
′
Diyˆn′ −Diyˆ†n′ yˆn′
+ ψˆ†+nDiψˆ
n
+ −Diψˆ†+nψˆn+ + ψ†n
′
− Diψ−n′ −Diψ†n
′
− ψ−n′
)
. (3.14)
• Angular momentum
J =
∫
d2x ǫijxiPj + Σ, (3.15)
where the spin Σ is given by
Σ =
1
2
∫
d2x tr
(
ψ†n
′
− ψ−n′ − ψˆ†+nψˆn+
)
. (3.16)
• Total number operator
N =
∫
d2x n
(
x
)
(3.17)
with number density given by
n
(
x
)
= tr
(
y†ny
n + yˆ†n
′
yˆn′ + ψˆ
†
+nψˆ
n
+ + ψ
†n′
− ψ−n′
)
. (3.18)
• Galilean boost
Gi = −tPi +m
∫
d2x xin
(
x
)
. (3.19)
• Dilatation
D = 2tH −
∫
d2x xiPi. (3.20)
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• Special conformal transformation
K = −t2H + tD + m
2
∫
d2x x2n
(
x
)
. (3.21)
These operators are the subjects to the following algebraic relations defining the bosonic
Schro¨dinger algebra [51]:
i
[
D,H
]
= 2H, i
[
D,K
]
= −2K, i
[
K,H
]
= D,
i
[
H,Gi
]
= Pi, i
[
K,Pi
]
= −Gi, i
[
Pi, Gi
]
= δijmN ,
i
[
D,Pi
]
= Pi, i
[
D,Gi
]
= −Gi, i
[
J, Pi
]
= −ǫijPj, i
[
J,Gi
]
= −ǫijGj. (3.22)
In the above algebra H,D,K are the generators of the conformal subgroup SO(2, 1) and the
number operator N appears as a central term.
3.3.2 Kinematical superalgebra
The bosonic algebra can be enlarged to superalgebra by adding the 8 kinematic fermionic charges
generating the transformations (3.6),
qnn
′
+ = i
∫
d2x tr
(
ψ†n
′
− y
n − yˆ†n′ψˆn+
)
,
q−nn′ = i
∫
d2x tr
(
ψˆ†+nyˆn′ − y†nψ−n′
)
, (3.23)
as well as SU(2)L and SU(2)R R-symmetry generators
Rnm = −
∫
d2x tr
[
y†my
n + ψˆ†+mψˆ
n
+ −
1
2
δnm
(
y†l y
l + ψˆ†
+lψˆ
l
+
)]
,
Rn
′
m′ =
∫
d2x tr
[
yˆ†n
′
yˆm′ + ψ
†n′
− ψ−m′ −
1
2
δn
′
m′
(
yˆ†l
′
yˆl′ + ψ
†l′
− ψ−l′
)]
. (3.24)
They rotate the fields and the generators with SU(2)L and SU(2)R indices. Therefore they satisfy
the standard su(2) algebra. The supercharges satisfy the following commutation relations{
qnn
′
+ , q−mm′
}
=
1
2
δn
′
m′δ
n
mN + δnmRn
′
m′ − δn
′
m′R
n
m,[
J, qnn
′
+
]
=
1
2
qnn
′
+ ,
[
J, q−nn′
]
= −1
2
q−nn′. (3.25)
Along with Schro¨dinger algebra (3.22), the commutation relations (3.25) describe a kinematical
superalgebra.
In the case of PPPP, there exists an U(1)R symmetry in the non-relativistic limit coming from
the reduction of SU(4) R-symmetry to SU(2)L × SU(2)R ×U(1)R symmetry. We will see that in
the PAAP case also, there is a similar U(1)R symmetry connecting the particle and antiparticle
sectors.
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4 SUSY Enhancement with Monopole Operators in Non-
relativistic Limit
In this section we find the additional supercharges and the corresponding superalgebra in the
PAAP limit. We emphasize the fundamental role of monopole operators in the supersymmetry
enhancement for both relativistic and nonrelativistic superconformal field theories.
4.1 SUSY enhancement and monopole operators
For the Chern-Simons level k = 1, 2 the ABJM theory was shown to be a subject to the additional
hidden N = 2 supersymmetry [5, 6]. The additional supersymmetry transformations involve
the monopole operators. In this subsection we investigate the role of monopole operators in
supersymmetry enhancement of (mass deformed) ABJM theory and its nonrelativistic limit.
The ABJM theory described by the action (2.1) contains complex representations for matter
fields and it has SU(4)×U(1) global symmetry corresponding to the transverse space to M2-
branes. To find the hidden symmetry in the transverse space we should use both the 4 and
4¯-complex representations simultaneously. However, in order to include both of them in the same
supersymmetry transformation, we have to modify one of the representations by the help of a
monopole operator.
Attaching the monopole operator to a matter field changes the gauge transformation rule of the
field without changing the global symmetry properties. For instance, a bi-fundamental scalar field
Y A in 4-representation can be converted to an anti-bi-fundamental one Y˜ A in the same 4-complex
representation as follows,
Y˜ Aaˆa = τ¯
aˆbˆ
abY
Ab
bˆ
, (4.1)
where τ¯ aˆbˆab is the monopole operator related to the supersymmetry enhancement. For the U(2)×U(2)
case, the explicit form of the monopole operator is given by [6]
τ¯ aˆbˆab = e
−2i
∫
∞
x
A−µ dx
µ
ǫaˆbˆǫab, (4.2)
where ǫab and ǫ
aˆbˆ are invariant antisymmetric tensors for left and right SU(2) parts of the gauge
group respectively.
Attaching a monopole operator to a local field also does not change the local nature of the
resulting composite field for k = 1, 2. In this case, we can introduce in supersymmetry transforma-
tions new local fields, which do not exist in the original ABJM theory. This fact was demonstrated
for the abelian ABJM theory [5].
Therefore the enhanced supersymmetry transformation rule takes the following form [6]
δY A = iωABΨB + iε˜Ψ˜
†A, (4.3)
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where Ψ˜†Aaaˆ = τ
ab
aˆbˆ
Ψ†Abˆ b is in the bi-fundamental representation and ε˜ is a complex spinor. As
we see in (4.3), we have to use the 4 and 4¯-representations simultaneously in order to obtain the
additional N = 2 supersymmetry. Due to the presence of the monopole operator both sides of
expression in (4.3) can be in the bi-fundamental representations of the gauge group.
Now let us consider the supersymmetric properties and the role of monopole operator in non-
relativistic limits. Even though it is possible to obtain the supersymmetry transformation rules
in nonrelativistic limit by reduction from those of relativistic theory, we use different strategy.
Instead we analyze full supersymmetry of the nonrelativistic action. However, taking into account
the nature of the monopole operators, we can roughly estimate the supersymmetric properties for
a given choice of particle and antiparticle sectors.
In PPPP limit, (4.3) is reduced to
δyn = i
√
2mc
~
ωnmψm + i
√
2mc
~
ωnm
′
ψm′ + i
√
2mc
~
e2imc
2t/~ε˜ψ˜†n,
δyn
′
= i
√
2mc
~
ωn
′mψm + i
√
2mc
~
ωn
′m′ψm′ + i
√
2mc
~
e2imc
2t/~ε˜ψ˜†n
′
, (4.4)
where ψ˜†Aaaˆ = τ
ab
aˆbˆ
ψ†Abˆ b. Dropping the fast oscillating terms in the nonrelativistic limit c → ∞
in (4.4), we see that the supersymmetry parameter ε˜ in (4.4) does not exist in the limit. This
means that the additional N = 2 supersymmetry with the monopole operator is broken in the
PPPP limit. Then the PPPP limit has only 12 supercharges mentioned in Refs. [31, 32], which
are inherited from the original N = 6 supersymmetry in the ABJM theory. There are also 2
conformal supercharges which are new in nonrelativistic limit.
On the other hand, for the PAAP limit for k = 1, 2, (4.3) becomes
δyn = i
√
2mc
~
e2imc
2t/~ωnmσ2ψˆ
†
m + i
√
2mc
~
ωnm
′
ψm′ + i
√
2mc
~
ε˜
˜ˆ
ψn,
δyˆ†n
′
= i
√
2mc
~
ωn
′mσ2ψˆ
†
m + i
√
2mc
~
e−2imc
2t/~ωn
′m′ψm′ + i
√
2mc
~
ε˜ψ˜†n
′
, (4.5)
where
˜ˆ
ψnaaˆ = τ
ab
aˆbˆ
ψˆnbˆb. Similarly to the PPPP case, ω
nm (dual of ωn
′m′) should vanish in this limit.
Instead, ε˜ survives. So N = 4 part having supersymmetry parameter ωnm′ in the original N = 6
of the ABJM theory, the additional N = 2 part with monopole operator, and the emergent 2
conformal supercharges are supercharges in the PAAP limit. As a result, the total number of
supercharges in the PAAP limit is the same as in the PPPP case.
4.2 SUSY enhancement in the PAAP limit
Let us go back to the nonrelativistic action in the PAAP limit. In fact, the supersymmetry of
the PAAP action (3.2) is much richer than the eight kinematical supersymmetry transformations
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given in (3.6). In addition, we have two more kinematical supercharges constructed from the
monopole operators,
δyn = −ξˇ−τ · ψˆn+, δy†n = ξˇ†−τ¯ · ψˆ†+n,
δyˆn′ = −ξˇ†−τ¯ · ψ−n′ , δyˆ†n
′
= ξˇ−τ · ψ†n′ ,
δψˆn+ = ξˇ−τ¯ · yn, δψˆ†+n = ξˇτ · y†n,
δψ−n′ = ξˇ−τ · yˆn′, δψ†n′− = ξˇ†−τ¯ · yˆ†n′,
δAt =
π~
km
(
τ · y†nξˇ−ψˆn+ − ξˇ†−ψˆ†+nτ¯ · yn + ξˇ†−ψ−n′ τ¯ · yˆ†n
′ − τ · yˆn′ ξˇ−ψ†n′−
)
,
δAˆt =
π~
km
(
ξˇ−ψˆ
n
−τ · y†n − τ¯ · ynξˇ†−ψˆ†+n,+τ¯ · yˆ†n
′
ξˇ†−ψ−n′ − ξˇ−ψ†n
′
− τ · yˆn′
)
,
δA± = δAˆ± = 0, (4.6)
where ξˇ− is a one-component complex spinor parameter. The action of monopole operators on
the fields is expressed as
(τ · y†)aaˆ = τabaˆbˆ y†
bˆ
b, (τ¯ · y)aˆa = τ¯ aˆbˆab ybbˆ,
where y and y† are in the bi-fundamental and anti-bi-fundamental representations respectively.
In addition there are two dynamical enhanced supersymmetries which are also constructed
from the monopole operators,
δyn =
i
2m
ξˇ+τ ·D−ψˆn+, δy†n =
i
2m
ξˇ†+τ¯ ·D+ψˆ†+n,
δyn′ =
i
2m
ξˇ†+τ¯ ·D+ψ−n′ , δy†n′ =
i
2m
ξˇ+τ ·D−ψ†n′− ,
δψˆn+ = −
i
2m
ξˇ†+τ¯ ·D+yn, δψˆ†+n =
i
2m
ξˇ+τ ·D−y†n,
δψ−n′ = − i
2m
ξˇ+τ ·D−yˆn′, δψ†n′− =
i
2m
ξˇ†+τ¯ ·D+yˆ†n′,
δAt =
iπ~
2km2
(
τ ·D−ψˆn+ξˇ+y†n + ynτ¯ ·D+ψˆ†+nξˇ+ + τ ·D−ψ†n
′
− ξˇ+yˆn′ + yˆ
†n′ τ¯ ·D+ψ−n′ ξˇ†+
)
,
δA+ =
2π
km
(
τ · ψˆn+ξˇ+y†n − τ · ψ†n
′
− ξˇ+yˆn′
)
,
δA− =
2π
km
(
yˆ†n
′
τ¯ · ψ−a′ ξˇ†+ − ynτ¯ · ψˆ†+nξˇ†+
)
,
δAˆt =
iπ~
2km2
(
τ¯ ·D+ψˆ†+nξˇ†+yn + y†nτ ·D−ψˆn+ξˇ + τ¯ ·D+ψ−n′ ξˇ†+yˆ†n
′
+ yˆn′τ ·D−ψ†n′− ξˇ+
)
,
δAˆ+ =
2π
km
(
y†nτ · ψˆn+ξˇ+ − yˆn′τ · ψ†n
′
− ξˇ+
)
,
δAˆ− =
2π
km
(
τ¯ · ψ−n′ ξˇ†+yˆ†n
′ − τ¯ · ψˆ†+nξˇ†+yn
)
, (4.7)
where ξˇ+ is a one-component spinor parameter.
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4.3 Dynamical superalgebra
In this section, we construct the supercharges coming from the transformations given in the
previous subsection 4.2. Together with the U(1)R R-symmetry mentioned in the subsubsection
3.3.2 (its expression is given below in (4.11)) and the bosonic Schro¨dinger algebra (3.22), they
form a dynamical superalgebra.
First, the 2 kinematical supercharges related with the transformation of (4.6) are given by
q+ = −i
∫
d2x tr
(
y†nτ · ψˆn+ + ψ†n
′
− τ · yˆn′
)
,
q− = i
∫
d2x tr
(
yˆ†n
′
τ¯ · ψ−n′ + ψˆ†+nτ¯ · yn
)
, (4.8)
where q− = q
†
+. The 2 dynamical supercharges associated with the transformations given in (4.7)
are obtained as
Q+ = − 1
2m
∫
d2x tr
(
y†nτ ·D−ψˆn+ + ψ†n
′
− τ ·D−yˆn′
)
,
Q− =
1
2m
∫
d2x tr
(
yˆ†n
′
τ¯ ·D+ψ−n′ + ψˆ†+nτ¯ ·D+yn
)
, (4.9)
where Q− = Q
†
+. In addition, the 2 conformal supercharges which satisfy i[K,Q±] = S± are given
by
S+ = tQ+ +
i
2
∫
d2x
(
x1 − ix2
)
tr
(
y†nτ · ψˆn+ + ψ†n
′
− τ · yˆn′
)
,
S− = tQ− − i
2
∫
d2x
(
x1 + ix2
)
tr
(
yˆ†n
′
τ¯ · ψ−n′ + ψˆ†+nτ¯ · yn
)
, (4.10)
where S− = S
†
+. The U(1)R R-symmetry generator is written as
R = −1
2
∫
d2x tr
(
y†ny
n + ψ†n
′
− ψ−n′ − yˆ†n′ yˆn′ − ψˆ†+nψˆn+
)
. (4.11)
Note that this generator represents difference between the number of particles and that of an-
tiparticles. Recall that the total number operator (3.17) is also conserved. Therefore in our
nonrelativistic limit particle and antiparticle numbers are conserved separately.
Putting everything together, we obtain the following dynamical superalgebra whose (anti)commutation
relations are given by4:{
Q+, Q−
}
=
1
2m
H,
{
S+, S−
}
=
1
2m
K,
{
q+, q−
}
= N ,
{
q+, Q−
}
=
1
2m
P+,
{
q−, Q+
}
=
1
2m
P−,
{
q+, S−
}
= − 1
2m
G+,
{
q−, S+
}
= − 1
2m
G−,{
Q+, S−
}
=
1
4m
[
D + i
(
J − 3
2
R˜
)]
,
{
Q−, S+
}
=
1
4m
[
D − i(J − 3
2
R˜
)]
, (4.12)
4The sub-index +(−) in the supercharges denotes spin up(down) state.
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and
i
[
K,Q±
]
= S±, i
[
G+, Q+
]
= −q+, i
[
G−, Q−
]
= −q−,
i
[
H,S±
]
= −Q±, i
[
P+, S+
]
= −q+, i
[
P−, S−
]
= −q−,
i
[
D,Q±
]
= Q±, i
[
D,S±
]
= −S±,
[
D, q±
]
= 0,[
J,Q±
]
= ∓1
2
Q±,
[
J, S±
]
= ∓1
2
S±,
[
J, q±
]
= ±1
2
q±, (4.13)
where we introduce R˜ = 2
3
(
2R + Σ
)
, P± = P1 ± iP2, and G± = G1 ± iG2. The commutation
relations for R are [
R,Q±
]
= ∓Q±,
[
R, S±
]
= ∓S±,
[
R, q±
]
= ∓q±,[
R, qnn
′
+
]
= 0,
[
R, q−nn′
]
= 0. (4.14)
Then the additional commutation relations can be computed as
[
R˜, Q±
]
= ∓Q±,
[
R˜, S±
]
= ∓S±,
[
R˜, q±
]
= ∓q±,[
R˜, qnn
′
+
]
=
1
3
qnn
′
+ ,
[
R˜, q−nn′
]
= −1
3
q−nn′ . (4.15)
The super Schro¨dinger algebra [39, 52, 53] consists of bosonic Schro¨dinger algebra (3.22),
kinematical superalgebra (3.25), and the dynamical superalgebra (4.12),(4.13),(4.14). This super
Schro¨dinger algebra is isomorphic to the one in the PPPP limit [31, 32].
5 Conclusion
In this work we considered nonrelativistic limits of the ABJM theory. In particular, we focused on
the PAAP limit containing both particles and antiparticles. This case was considered previously
in the literature [31]. The known result was that in this limit there are only eight kinematical
supercharges. This is in contrast to the case of PPPP limit containing only particles [31, 32].
In PPPP limit one has fourteen independent supercharges: In addition to the eight kinematical
supercharges there are two dynamical, two more kinematical as well as two conformal supercharges.
In this work we revisited the PAAP limit and among others we found that if we extend our
considerations to supersymmetry transformations involving monopole operators, then there are
six additional supercharges besides the basic eight kinematical supercharges found in [31]. These
additional supercharges consist of two dynamical, two kinematical, and two conformal ones.
At the same time we analyzed the PPPP limit as well and found that there is no additional
supersymmetry enhancement due to monopole operator in this limit. It appears that supersymme-
try in both PPPP and PAAP limit match as a number as well as a structure: ten kinematical, two
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dynamical and two conformal supercharges. In fact, both supersymmetry algebras are isomorphic
to the super Schro¨dinger algebra with fourteen supercharges.
These results give some insight into the roˆle of the monopole operator in ABJM theory. First
of all the existence of additional supercharges in the nonrelativistic PAAP limit is possible because
the monopole operators map antiparticle states into particle states extending the supersymmetry
transformations to one mixing particles with antiparticles. This also explains why one can not
observe any extended supersymmetries in the PPPP limit where there are only particles. In
the nonrelativistic limit the particles and antiparticles are explicitly separated and therefore the
physical meaning of the monopole operator which mixes them becomes particularly clear.
The fact that both PPPP and PAAP limits possess isomorphic supersymmetries suggests the
conjecture that the super Schro¨dinger algebra with fourteen supercharges is the maximal unbroken
supersymmetry in the nonrelativistic limit. Moreover, out of the fourteen supercharges two of
them seem to be new: the conformal supercharges appear due to the emergence of nonrelativistic
conformal symmetry in c→∞ limit. Therefore only twelve supersymmetries can be considered as
“genuine” ones coming from the relativistic theory. This corresponds to N = 6 relativistic spinor
supercharges from N = 8 total supersymmetry including the monopole enhanced supersymmetry
part. The technical part of this supersymmetry breaking is clear: For either choice of nonrela-
tivistic limit there are at least two kinds of supersymmetry transformation which are producing
fields with wrong phase, therefore they should be broken. However, more fundamental reason for
this breaking is not clear to us. A further study may clarify this issue.
We restricted our detailed analysis to the case of U(2)×U(2) gauge group, because in this
case the monopole operator as well as the corresponding supersymmetry transformations can be
constructed explicitly. It would be interesting, however, to apply our analysis to the enhanced
supersymmetry of ABJM theory with U(N)×U(N) gauge symmetry in the three-algebra ap-
proach of Ref. [5]. Furthermore, these results might be generalized to any nonrelativistic limit
of superconformal field theories [40, 41] which include both particles and antiparticles, and al-
low supersymmetries generated by the monopole operators. These aspects also deserve further
investigation.
Another important subject that remains to be considered is to explore the M-theory dual of
the observed phenomena. This should be of particular interest for the AdS dual description of
low dimensional condensed matter systems. Let us note that the present approach to AdS/CMT
correspondence is mainly based on the embedding of the nonrelativistic system into a higher-
dimensional relativistic one using the light-cone approach. The approach we followed here is
based on the nonrelativistic reduction of a relativistic system in the same dimension which seems
to be more natural since any condensed matter system is, in fact, a nonrelativistic limit of a
relativistic system.
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